Introduction {#Sec1}
============

Regularized variational problems and partial differential equations (PDEs) play an important role in mathematical modeling throughout applied and natural sciences. For instance, many variational problems and PDEs have been studied to model and solve important problems in a variety of areas such as, e.g., in physics, economy, data processing, computer vision. In particular they have been very successful in image and signal processing to solve a wide spectrum of applications such as isotropic and anisotropic filtering, inpainting or segmentation.

In many real-world problems, such as in machine learning and mathematical image processing, the data is discrete, and graphs constitute a natural structure suited to their representation. Each vertex of the graph corresponds to a datum, and the edges encode the pairwise relationships or similarities among the data. For the particular case of images, pixels (represented by nodes) have a specific organization expressed by their spatial connectivity. Therefore, a typical graph used to represent images is a grid graph. For the case of unorganized data such as point clouds, a graph can also be built by modeling neighborhood relationships between the data elements. For these reasons, there has been recently a wave of interest in adapting and solving nonlocal variational problems and PDEs on data which is represented by arbitrary graphs and networks. Using this framework, problems are directly expressed in a discrete setting where an appropriate discrete differential calculus can be proposed; see e.g., \[[@CR4], [@CR5]\] and references therein. This mimetic approach consists of replacing continuous differential operators, e.g., gradient or divergence, by reasonable discrete analogues, which makes it possible to transfer many important tools and results from the continuous setting.

*Contributions.* In this work, we introduce a novel class of *p*-bilaplacian operators on weighted graphs, which can be seen as proper discretizations on graphs of the classical *p*-bilaplacian operators \[[@CR9]\]. Building upon this definition, we study a corresponding regularized variational problem as well as a boundary value problem. The latter naturally gives rise to *p*-biharmonic functions on graphs and equivalent definitions of *p*-biharmonicity \[[@CR8]\]. For these two problems, we start by establishing their well-posedness (existence and uniqueness). We then turn to developing proximal splitting algorithms to solve them, appealing to sophisticated tools from non-smooth optimization. Numerical results are reported to support the viability of our approach.

Notations and Preliminary Results {#Sec2}
=================================
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                \begin{document}$$G=(V,E,\omega )$$\end{document}$ is a finite connected undirected weighted graph without loops and parallel edges, where *V* is the set of vertices, *E* is the set of edges, and the symmetric function $\documentclass[12pt]{minimal}
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                \begin{document}$$x\sim y$$\end{document}$ for two adjacent vertices. For two vertices $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega (x, y) = \omega (y, x) = 0$$\end{document}$ and thus the set of edges *E* can be characterized by the support of the weight function $\documentclass[12pt]{minimal}
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                \begin{document}$$E=\{(x, y)\vert \omega (x, y) > 0\}$$\end{document}$.

Let be the vector space of real-valued functions on the vertices of the graph. For a function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert u\Vert _p = \left( \sum _{x\in V}\vert u(x)\vert ^p\right) ^{\frac{1}{p}},\quad 1\leqslant p<\infty , \quad \text {and} \quad \Vert u\Vert _{\infty } = \max _{x\in V} \vert u(x)\vert . \end{aligned}$$\end{document}$$We define in a similar way $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}(E)$$\end{document}$ as the vector space of all real-valued functions on the edges of the graph.
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                \begin{document}$$x,y \in V$$\end{document}$. The (nonlocal) gradient operator is defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \nabla _{\omega }u: \mathcal {H}(V)&\rightarrow \mathcal {H}(E) \\ u&\mapsto U, \quad U(x,y)=\sqrt{\omega (x,y)}(u(y)-u(x)), \forall (x,y) \in V . \end{aligned}$$\end{document}$$This is a linear antisymmetric operator whose adjoint is the (nonlocal) weighted divergence operator denoted $\documentclass[12pt]{minimal}
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*p*-biharmonic Functions on Graphs {#Sec3}
==================================

We define *p*-biharmonic functions on graphs inspired by the way *p*-harmonic functions were introduced in \[[@CR8]\] for networks. Let's consider the following functionalObserve that $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _{\omega , 2}$$\end{document}$ is the standard Laplacian on a graphs, which is a self-adjoint operator.

Definition 1 {#FPar1}
------------
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Definition 2 {#FPar2}
------------
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                \begin{document}$$A\subset V$$\end{document}$. We say that a function *u* is *p*-biharmonic on *A* if it is a minimiser of the functional $\documentclass[12pt]{minimal}
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Inspired by \[[@CR8]\], existence and uniqueness of *p*-biharmonic functions can be established using standard arguments.

Proposition 1 {#FPar3}
-------------
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                \begin{document}$$\begin{aligned} \varDelta _p^2 u(x) = 0, \qquad \text {for all } x\in A. \end{aligned}$$\end{document}$$

*p*-bilaplacian Dirichlet Problem on Graphs {#Sec4}
===========================================

Consider the following boundary value (Dirichlet) problem$$\documentclass[12pt]{minimal}
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Theorem 1 {#FPar4}
---------

The problem ([3](#Equ3){ref-type=""}) has a unique solution.

Proof {#FPar5}
-----
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*p*-bilaplacian Variational Problem on Graphs {#Sec5}
=============================================

In this section, we consider the following minimization problem, which is valid for any $\documentclass[12pt]{minimal}
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Proof {#FPar11}
-----
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Let's turn to uniqueness. When *A* is injective, the claim follows from strict (in fact strong convexity) of the data fidelity term. Suppose now that $\documentclass[12pt]{minimal}
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Algorithms and Numerical Results {#Sec6}
================================

To solve both ([3](#Equ3){ref-type=""}) and ([6](#Equ6){ref-type=""}), we adopt a primal-dual proximal splitting (PDS) framework with an appropriate splitting of the functions and linear operators.

A PDS for the Boundary Value Problem ([3](#Equ3){ref-type=""}) {#Sec7}
--------------------------------------------------------------
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### Proposition 2 {#FPar12}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \sigma \Vert \varDelta _{\omega ,2}\Vert ^2 < 1$$\end{document}$, then the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(u^k,v^k)_{k \in \mathbb {N}}$$\end{document}$ provided by ([8](#Equ8){ref-type=""}) converges to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(u^\star ,v^\star )$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^\star $$\end{document}$ is a solution to ([3](#Equ3){ref-type=""}), which is unique if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \in ]1,+\infty [$$\end{document}$.

A PDS for the Variational Problem ([6](#Equ6){ref-type=""}) {#Sec8}
-----------------------------------------------------------

For simplicity and space limitation, we restrict ourselves here to the case where *A* is the identity. In this case, inspired by the work in \[[@CR6]\], we use the (accelerated) FISTA iterative scheme \[[@CR2], [@CR10]\] to solve the Fenchel-Rockafellar dual problem of ([6](#Equ6){ref-type=""}), and recover the primal solution by standard extremality relationships. Our scheme reads in this case$$\documentclass[12pt]{minimal}
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Combining Theorem [2](#FPar10){ref-type="sec"}, \[[@CR6], Theorem 2\], \[[@CR1], Theorem 1.1\], the scheme ([9](#Equ9){ref-type=""}) has the following convergence guarantees.

### Proposition 3 {#FPar13}
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Numerical Results {#Sec9}
-----------------

We apply the scheme ([9](#Equ9){ref-type=""}) to solve ([6](#Equ6){ref-type=""}) in order to denoise a function *f* defined on a 2-D point cloud. We apply ([3](#Equ3){ref-type=""}) in a semisupervised classification problem which amounts to finding the missing labels of a label function defined on a 2-D point cloud. The nodes of the graph are the points in the 2-D cloud and *u*(*x*) is the value at a point/vertex *x*. We choose the nearest neighbour graph with the standard weighting kernel $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {y}$$\end{document}$ are the 2-D spatial coordinates of the points in the cloud. The original point cloud used in our numerical experiments consists of $\documentclass[12pt]{minimal}
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                \begin{document}$$N= 2500$$\end{document}$ points that are not on a regular grid. For the variational problem, the noisy observation is generated by adding a white Gaussian noise of standard deviation 0.5 to the original data, see Fig. [1](#Fig1){ref-type="fig"}(a). For the Dirichlet problem, the initial label function takes the values of the original data on a set of points/vertices where this set corresponds to the boundary data, it is chosen randomly and is equal to *N*/4 of the original points/vertices, see Fig. [1](#Fig1){ref-type="fig"}(b).Fig. 1.(a): results for denoising with $\documentclass[12pt]{minimal}
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                \begin{document}$$p=1.1$$\end{document}$. For each setting, we show the original function on the point cloud, its observed version, and the result provided by each of our algorithms.
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